Odd-frequency Cooper pairs with chiral symmetry emerging at the edges of topological superconductors are a useful physical quantity for characterizing the topological properties of these materials. In this work, we show that the odd-frequency Cooper pair amplitudes can be expressed by a winding number extended to a nonzero frequency, which is called a "spectral bulk-boundary correspondence," and can be evaluated from the spectral features of the bulk. The odd-frequency Cooper pair amplitudes are classified into two categories: the amplitudes in the first category have the singular functional form ∼ 1/z (where z is a complex frequency) that reflects the presence of a topological surface Andreev bound state, whereas the amplitudes in the second category have the regular form ∼ z and are regarded as non-topological. We discuss the topological phase transition by using the coefficient in the latter category, which undergoes a power-law divergence at the topological phase transition point and is used to indicate the distance to the critical point. These concepts are established based on several concrete models, including a Rashba nanowire system that is promising for realizing Majorana fermions.
Introduction.-The findings of quantum Hall systems and topological insulators have introduced topology into condensed matter physics [1] [2] [3] , leading to the discovery of a host of topological materials. One important property of topological systems is that the number of edge modes including the zero energy state is predicted by the topological number, which is defined by the bulk [4] [5] [6] [7] [8] [9] [10] . This relation is called the "bulk-boundary correspondence" and has been a key concept in condensed matter physics [11, 12] .
The surface Andreev bound states (SABSs) in topological superconductors are associated with a nontrivial topological number, and some are Majorana fermions [13, 14] . In terms of Cooper pairs, the SABSs indicate the presence of odd-frequency Cooper pairs at the boundary, which have an odd functional form in time and frequency [14] [15] [16] . Such exotic Cooper pairing was first proposed by Berezinskii [17] , and the corresponding realization was discussed not only in the bulk state [18] [19] [20] [21] but also in a number of systems such as superconducting junctions based on ferromagnets [22] [23] [24] , diffusive normal metals [25] , and vortex cores [26, 27] . In addition, their peculiar paramagnetic responses have also been discussed [28] [29] [30] [31] [32] , and the odd-frequency pairing has become a topic of interest in condensed matter physics [14, 33, 34] . For SABSs in topological superconductors, the relevance of the odd-frequency pairing is known [34] [35] [36] [37] [38] [39] [40] [41] [42] ; the pair amplitude has a singular functional form and diverges at zero frequency, F odd edge (z) ∼ 1/z, with complex frequency z. This formula is distinct from the regular form [F odd edge (z) ∼ z], which appears ubiquitously because of the broken symmetry (e.g., the absence of translational symmetry at the edge) [15, 16, 43] . Thus, the topological superconducting systems offer a unique testing ground to develop ways to control the properties of odd-frequency Cooper pairing and to improve our understanding of Cooper pairs.
The search for topological superconductivity has led to intensive studies of the chiral symmetric systems [13, [44] [45] [46] [47] [48] [49] [50] , including Rashba nanowire systems, which are promising for experimental realization of Majorana fermions at the edge [51, 52] and expected for a platform of a topological quantum computing [53] [54] [55] . The chiral operator Γ anticommutes with the Hamiltonian ({Γ, H} = 0). The index theorem tells us that the winding number defined in the bulk predicts the number of SABSs via the bulk-boundary correspondence [13] . The chiral symmetric systems also include a non-superconducting topological insulator such as a Su-Schrieffer-Heeger (SSH) model [56, 57] and Shockley model [58, 59] .
In this Letter, we extend the bulk-boundary correspondence from zero frequency to nonzero frequency, which we call "spectral bulk-boundary correspondence" (SBBC). By using the SBBC, the odd-frequency Cooper pairs accumulated at the boundary can be evaluated from the physical quantity determined in the bulk over the entire frequency range. We further clarify that the regular oddfrequency Cooper pair amplitude (∼ z) can be used as a degree of proximity to the topological phase transition, which is analogous to using the susceptibility as a degree of the proximity to the phase transition in standard statistical physics. The coefficient follows a power-law divergence at the topological phase transition, which reveals the topological criticality. Thus, we identify the fluctuation behavior associated with the topological transition, and can even go beyond the simple integer classification of phases.
SBBC.-We begin by demonstrating the SBBC. The following relation holds for chiral symmetric systems and for any complex frequency z ∈ C: 
where the trace in Eq. (2) is taken over a semi-infinite space: Tr j · · · = tr ∞ j=1 j| · · · |j . The surface is located on the right side, as shown in Fig. 1(a) , and the site index is a positive integer. The Green's function is defined by G(z) = 1/(z − H) with the Hamiltonian H. The trace tr is taken over the internal degrees of freedom composed of, e.g., spin and orbital indices. On the other hand, the trace Tr k in Eq. (3) is taken over the bulk labeled by the wave vectors: Tr k · · · = tr π −π dk 2π k| · · · |k . A schematic of F odd edge (z) and w bulk (z) appears in Fig. 1(a) . In the zero-frequency limit, w bulk (z → 0) ≡ W is identified as the winding number [60] . The full profile of w bulk (z) is then regarded as an extension of the winding number to nonzero frequency. The quantity F odd edge (z) is the off-diagonal component of the Green's function located at the edge and represents the pair amplitude for topological superconductors. We confirm that both sides of Eq. (1) are odd in z, meaning that F odd edge (z) relevant to the SBBC is an odd-frequency Cooper pair amplitude. At zero frequency, Eq. (1) connects the nontrivial topological number W = 0 to the odd-frequency pair through the singular functional form F odd edge (z → 0) = W/z [ Fig. 1(b) ]. Furthermore, Eq. (1) shows that this connection persists to finite frequencies, which extends the concept of conventional frequency-independent bulkboundary correspondence [61] . This means that the total amount of the odd frequency Cooper pair correlation accumulated near the surface is predicted by the bulk value [w bulk (z)/z].
Equation (1) is confirmed exactly in various limits of a Kitaev chain [53] , and is also confirmed numerically for various chiral symmetric systems such as Rashba nanowires [51, 52] , and two-dimensional d x 2 −y 2 -wave su- perconductors [45, 62] . We first take a closer look at the SBBC in the Kitaev chain which is a one-dimensional p-wave superconductor with fully polarized spins [see Fig. 2 
and
T where c k is an annihilation operator of electrons. t is a hopping integral and µ is a chemical potential, τ µ (µ = 1, 2, 3) is a Pauli matrix in Nambu space, and ∆ is the p-wave superconducting gap. The condition for a topological superconductor is |µ| < µ c = 2t. We now show that F odd edge (z) corresponds to the odd-frequency Cooper pair amplitude. We first set z = iω n , where ω n is an imaginary (Matsubara) frequency. The chiral operator Γ for a semi-infinite system is Γ = diag(. . . , τ 1 , τ 1 ), where τ 1 is a Pauli matrix acting on a Nambu space (c j , c † j ). The function F odd edge (z) is then
where the right-hand side is the Cooper pair amplitude for s-wave spin-triplet superconductivity and must be an odd function in time and frequency to satisfy the Pauli exclusion principle. When the special conditions t = ∆ and µ = 0 are satisfied, Majorana fermions are localized at the edges of the system with zero localization length. In this case, the SBBC relation (1) takes the analytical form
See the supplementary material (SM) for more a detailed derivation [SM from I-A to I-E]. We can also construct the quasi-classical Green's function for a coherence length sufficiently large compared with the inverse Fermi momentum. The SBBC also takes the following analytical form in this limit [SM I-F]:
In Eq. (7), we assume µ |z| and µ ∆ where we measure the chemical potential from the bottom of the band. Let us also consider the numerical results for the Kitaev chain with ∆/t = 0.05 and µ = 0. Figure 2 (b) plots F odd edge (z) as a function of ω n for several µ/t. The parameters µ/t = 0.5 and 1.998 are located in the topological region: in the limit ω n → 0, it diverges as ω n approaches zero (singular). For µ/t = 2.002 and 2.01, however, it approaches zero for ω n → 0 (regular). To check the numerical accuracy of the SBBC we calculate the quantity ε(z) = |F odd edge (z) − w bulk (z)/z|/|w bulk (z)/z|, which is less than 10 −10 for µ/t = 0.5 and 1.998 (i.e., the same within numerical error). For µ/t = 2.002 and 2.01, ε < 10
We also checked the SBBC for spatially changing pair potentials near the edge, which are discussed in detail in the SM I-H.
Topological criticality in odd-frequency Cooper pairs.-The topological criticality has been discussed in terms of the physical quantities such as divergent correlation length, compressibility [63] [64] [65] [66] [67] [68] . Here we demonstrate that the criticality appears also in the odd-frequency Cooper pairs. In the low-frequency limit, the odd frequency Cooper pair amplitude is
The first term on the right-hand side represents the singular odd-frequency pair, and the second term represents the regular pair. The quantity W = w bulk (z = 0) is a standard winding number defined in the bulk. By using the SBBC, χ can be expressed as a bulk quantity:
We find that at the topological quantum phase transition where W changes, the coefficient χ undergoes a power law divergence upon approaching from either side of the phases. As shown in Fig. 3(b) , the critical behavior in the limit µ → µ c is χ ∼ |µ − µ c | −2 . However, this exponent crossovers into another ones, namely −1 for µ < µ c and −5/2 for µ > µ c [SM I-I], and thus the behavior is quite asymmetric around the critical point µ = µ c as in Fig. 3(a) . While the exponent −2 is consistent with the Ising universality [69] , for the exponents −1 and −5/2, one needs a generalization of the concept.
In order to understand the above critical behaviors, we use scaling theory for the effective action. The effective low-energy action is introduced as where v is a velocity, m is a mass and Λ is a coefficient of the second derivative term. For the Kitaev chain, v, m and Λ are given by v = ∆, m = δµ = µ − µ c and Λ = t, respectively. The corresponding energy is given by λ
Usually the term with Λ is irrelevant and can be neglected and one obtains the Ising universality. However, in superconductors v = ∆ is an energy gap and hence not only m (distance to critical point) but also v are much smaller than Λ. In this case, the quadratic term must be kept, to result in a variety of critical behaviors (see Fig. 3 ). We perform the scale transformation as x = xe Now let us consider the generalized winding number in the expansion form w bulk (z) = ∞ n=0 a 2n z 2n (specifically, a 0 = W and a 2 = χ). In the critical region |Λ| |m|, |v|, we can express the coefficients as a 2n (m, v) = a 2n v αn m βn . Using the fact that the scaling dimension of w bulk (z) is zero, we have the relation between α n and β n :
The odd-frequency pair amplitude can now be written as
by using the SBBC. Namely, the odd-frequency pair amplitude is generally a function of three independent variables (z, m, v with Λ being unit of energy), but for |m|, |v| |Λ| they are reduced to two variables. From the shapes of the energy spectrum shown in Fig. 4 , we can identify the three regimes, in which F odd edge (z) can be written by a single scaling function with only one variable. Correspondingly we obtain three quantum critical regions (QCR) QCR1, QCR2 and QCR3 shown in Fig. 4 [detailed derivation is shown in SM I-J], which gives exponents χ behaving as Our results thus extend the conventional knowledge about topological phase transitions. Since the low-energy effective actions for Rashba nanowire and d-wave superconductors are given by the same action as that in the Kitaev chain, we get the similar critical behaviors as demonstrated in the following.
Rashba nanowire.-The SBBC and singular behavior of the regular odd-frequency pair amplitude can also be seen in the other models; e.g., the one-dimensional Rashba nanowire on an s-wave superconductor [51, 52] , where a Majorana fermion located at the edge is accompanied by odd-frequency pairing [35, 36] (12) where
is a magnetic field, λ is the Rashba spin orbit interaction, and ∆ is an s-wave superconducting gap. σ µ (µ = 1, 2, 3) is a Pauli matrix in spin space. The system is located in the topological regime
The chiral operator can be defined provided the magnetic field and the spin-orbit interaction are orthogonal: Γ = σ 0 τ 1 . The energy dispersion of the Rashba nanowire is shown in Fig. 5 (b). We discuss criticality for Rashba nanowire. Figure 5 (c) shows W and χ as a function of µ. The parameter χ diverges near the quantum transition points, showing topological criticality. A very sharp divergence appears when e.g., µ → − V 2 ex − ∆ 2 − 0, which is due to the small magnitude of the superconducting gap (see also the SM II-A and II-B).
The criticality of the Rashba nanowire is understood by using the results for the Kitaev chain as a building Fig. 4 . Note that the sign of χ changes at µ/t = 2 in the non-topological regime. This property reflects the situation in which this non-topological phase is sandwiched between topological phases with the different winding numbers W = +1 and W = −1. Namely, we can obtain information on the neighboring topological phases even in the non-topological phase by looking at the regular odd-frequency Cooper pairs. In contrast, no such sign change appears for the Kitaev chain.
d-wave superconductors.-We also calculate W and χ for d x 2 −y 2 -wave superconductor with (11)-surface [shown in SM III-A]. In this case, W changes its value as a function of a wave number which is parallel to the surface and χ also diverges at topological transition points [SM III-B].
Conclusion.-We demonstrate that the SBBC F odd edge (z) = w bulk (z)/z [Eq. (1)] holds for chiral symmetric systems such as the Kitaev chain, Rashba nanowire which is promising for the realization of the Majorana fermion, and two dimensional d x 2 −y 2 -wave superconductors. The Cooper pair amplitude can be expanded to the form
, where W is a topological number. We show that the coefficient χ diverges at the topological transition point and the critical behaviors are interpreted in terms of the effective action which generalizes the known Ising universality class.
Note added. Supplemental Material for "Odd-frequency pairs in chiral symmetric systems: spectral bulk-boundary correspondence and topological criticality"
I. KITAEV CHAIN
In I A, a Hamiltonian for the Kitaev chain and a formal formula of w bulk (z) are introduced. Next four subsections are analytical results for t = ∆. In I B, an analytical formula for w bulk (z) with t = ∆ is given. In I C, we explain the derivation of a surface Green's function for the Kitaev chain and in I D, we give a local Green's function for arbitrary site. In I E, the local Green's function for µ = 0 is given and the spectral bulk-boundary correspondence (SBBC) is analytically shown. In I F, we show the SBBC holds for the continuum model of the p-wave superconductor. Following two subsections are numerical results for F odd edge (z) and w bulk (z)/z. In I G, we numerically calculate F odd edge (z) and w bulk (z)/z for ∆/t = 1 and ∆/t = 0.05, and in I H, we introduce spatial modulation near the surface of the gap function and the chemical potential. We give an exact formula of χ for Kitaev chain with arbitrary ∆ in I I. Finally, we explain the critical exponent of χ in I J.
A. Hamiltonians with open boundary and periodic boundary condition
The Kitaev chain in the real-space basis is
where c j is an annihilation operator on j-th site and t is the hopping integral, ∆ is the p-wave superconducting gap and µ is the chemical potential.
For the open boundary (OB) condition with n-site sys-tem, the Hamiltonian is
We define a Green's function corresponding to
On the other hand, by imposing the periodic boundary condition on Eq. (S1), we obtain the Hamiltonian with the wave number basis as
with the Pauli matrices τ µ (µ = 1, 2, 3). A Green's function with the periodic boundary condition is
(S10)
w bulk (z) for the Kitaev chain is
with
B. Exact formula of w bulk (z) for Kitaev chain with t = ∆
We calculate the exact formula of w bulk (z) for the Kitaev chain with t = ∆ and an exact formula of χ can be obtained. w bulk (z) with t = ∆ is given by
with µ c = 2t. Then in the limit µ → µ c , χ becomes
(S16)
C. Surface Green's function at rightmost site for t = ∆
In the following, we show the derivation of the surface Green's function for t = ∆. Note that for t = ∆, dett = 0 [t is given in Eq. (S5)] and the method to calculate the Green's function for the semi infinite system [70] cannot be directly applicable. For the calculation of the surface Green's functions with t = ∆, we follow the procedure of Ref. 70 .
The recurrence relation of the local Green's function of the rightmost site for
We use the same superscript L and R as in Ref. 70 . Note that [G n (z)] 1,1 is a 2 × 2 matrix and the index 1,1 indicates the rightmost site. Then the recurrence relation for
We obtain g L n (z) by using the Möbius transformation as
where
The surface Green's function at the rightmost site G L,∞ 1 (z) is given by taking the limit of n → ∞ as
D. Local Green's function for arbitrary site for t = ∆
The recurrence relation for the Green's function at leftmost site is given by
and we get the local Green's function at the leftmost site:
where 
The local Green's function for an arbitrary site other than the surface (j > 1) is obtained by using following equations.
Then the local Green's function for t = ∆ is
.
From the above definition, G ∞ j (z) depends on the site index j through X j .
E. SBBC with t = ∆ and µ = 0
For µ = 0, the local Green's function is easily calculated and its value does not depend on the site other than the surface.
From Eqs. (S19) and (S20) with
and it does not depend on n. Then the local Green's function at the rightmost site is calculated from Eq. (S17) as
The local Green's function for the arbitrary site other than the surface (j > 1) is calculated by using the recursive Green's function method and they have the same value given by
Then we show the SBBC for the Kitaev chain with t = ∆ and µ = 0. The chiral operator for the Kitaev chain with the semi-infinite system is
with the Pauli matrix τ 1 . F odd edge (z) can be exactly evaluated as
w bulk (z) is given by Eq. (S11) as
where we set t = ∆ and µ = 0. Then the SBBC is realized as
F. One-dimensional p-wave superconductor in the continuum model
Green's function for semi-infinite system
In the main text, we assume that the edge is located on the right side, however, if the edge is located on the left side, the sign of F odd edge (z) becomes opposite [71] . In this subsection, we assume that the edge is located on the left side.
First, we show the Green's function of a semi-infinite spin-singlet s-wave superconductor. If we focus on one spin-sector, the Hamiltonian is given by
The resulting Green's function is [72] [73] [74] 
Here, Ω expresses
with infinitesimal small positive number δ. In the above, Γ is given byΓ
In usual case, the magnitude of E F is much larger than Ω. Then, k ± can be approximated as
Then, both the 12 and 21 components of this 2×2 matrix is given by
In Matsubara representation, it is written as
with γ n = ω 2 n + ∆ 2 /( v F ). We can easily understand that only the even-frequency pairing exists. There is no induced odd-frequency pairings. In the spin-singlet swave superconductor semi-infinite system, without considering spatial dependence of pair potential, there is no induced odd-frequency pairing.
Next, we focus on the Green's function of the Kitaev chain within quasi-classical approximations. The pair potential is give by [71] 
In the bulk, the Hamiltonian is given by
The Green's function in the bulk is given by
Let us consider a semi-infinite system. The results are given as follows.
We further focus on the 12 and 21 components of this matrix. The 12 component of this matrix can be expressed as
On the other hand, the 21 component is given by
where the edge is located on the left side. Since the edge is located on the right side in the definition of F odd edge (z), the sign ofF odd edge (z) and F odd edge (z) are opposite:
The chiral operator is
andF odd edge (z) is
We suppose k F γ. Then we obtaiñ
The Hamiltonian for the bulk is given by
Then we get
Finally, we get sites from the surface. In Fig. S1 , we show
as functions of µ/t and z/∆ for ∆/t = 1. In Fig. S1 (a), we set z = iω n and in (b), we set z = ω +iη (η/t = 10 −2 ). The order of ε is less than 10 −8 for the both cases.
∆/t = 0.05
We numerically calculate F odd edge (z) by using the recursive Green's function method [70] and w bulk (z)/z by using Eq. (S11) with ∆/t = 0.05. When we calculate Tr j in F odd edge (z), we take 10 5 sites from the surface and when we calculate integral in w bulk (z), we also take 10 5 wave numbers. In Fig. S2 , we show (a) F and (h) ε as functions of µ/t and ω/∆ (z = ω + iη) for ∆/t = 0.05. The order of ε is less than 10 −6 for z = iω n and 10 −7 for z = ω + iη. As can be seen in Fig. S2 , ε becomes large where F odd edge (z) and w bulk (z)/z are small.
H. Spatial modulation of gap function and chemical potential
In this subsection we show that the SBBC holds even if we introduce spatial modulation of the gap function and the chemical potential near the surface. In Fig. S3(a) , we show ε where gap function is the form tanh(j∆/t). In Fig. S3(c) , we show ε where gap function and chemical potential are randomly chosen. In these cases the Hamiltonian with semi-infinite system is
Note that this Hamiltonian has chiral symmetry. In To obtain χ away from the transition point, we analytically calculate χ for µ > 0. χ for µ < 0 can be obtained in a similar manner. w bulk (z) for arbitrary ∆/t (∆/t > 0) is given by Eq. (S11). Let x = e ik be a complex number then w bulk (z) can be written as
where the integral path C is a unit circle in the complex plane. Then χ is obtained by the second derivative of w bulk (z) as
There are three cases. i) µ = 0 and ∆/t = 1
There is a pole at x = 0 and χ = 1 (See Eq. S15). ii) µ = 0 and ∆/t = 1 There are two poles x = −2t/µ, −µ/2t and χ is given by Eq. (S15). iii) In other cases (µ = 0 and ∆/t = 1)
There are four poles.
In this case |x +− | > |x −+ | and µ < 2t (QCR1 or QCR2) are satisfied and χ is
and for QCR2 (
There are two cases.
is included in this case. In this case, the relation |x +− | > |x −+ | holds and χ is
2)µ > 2t (QCR1 or QCR3) In this case, the relation |x +− | < |x −+ | holds and χ is
In the case ∆ 2 /(t 2 − µ 2 /4) 1 (QCR1), χ 2 can be expanded as
In the case |∆/(t − µ/2)| 1 (QCR3), χ 2 can be expanded as
J. Critical exponent of χ for Kitaev chain
The low energy action for the Kitaev chain is given by
with Ψ = (ψ, ψ † ) T . For the Kitaev chain, v, m and Λ are given by v = ∆, m = δµ = µ−µ c and Λ = t, respectively, and this action describes the low-energy excitations that appear around wavevector π.
Let us consider the following scaling transformation:
The conditions for a scale-invariant action are dim τ = −2, dim ψ = 1/2, dim v = 1, and dim m = 2. Since w bulk (z) is an even function of z, we can expand it as
where W = a 0 and χ = a 2 . w bulk (z) is dimensionless and therefore its scaling dimension is zero. As explained in the main text, a 2n is expressed near the critical points as
By applying scale transformation in Eqs. (S96), (S98) and (S99), we get
Here we have used the relation dim z = − dim τ . In the general action in Eq.(S94), the relation between α n and β n is determined by Eq. (S102), but we need more information to determine the concrete value of exponents. To specify the functional form in more details, we consider the three quantum critical regions (QCR): |∆| |δµ| (QCR1), |∆| |δµ|, δµ < 0 (QCR2) and |∆| |δµ|, δµ > 0 (QCR3). See also Fig. 4 in the main text. For QCR1, the criticality is determined by the Ising universality class, and the ∂ 2 x term in Eq. (S94) can be neglected in the low-energy region. In this case, the effective action isS
In this regime, we can write the coefficient as a 2n ∼m β n . Then we can get β n = −2n from the scaling invariance of w bulk . Correspondingly, we get β n = −2n, and from Eq.(S102) we get α n = 0. We find the odd-frequency pair amplitude with the form
indicating
For QCR2, we focus on the criticality that appears when ∆ → 0, and then we get the behavior with respect to δµ by utilizing Eq. (S102). The position of low-energy excitation shifts from k = 0 to k = 2 |m|/Λ. The corresponding low-energy action is given by Eq. (S103) with the velocityṽ ∼ √ Λm and massm ∼ v m/Λ. The scaling invariance requires dim[τ ] = −1, dim[ṽ] = 0 and dim[m] = 1. In this regime, we can write the coefficient as a 2n ∼m β n . Then we can get β n = −2n from the scaling invariance of w bulk , and we then get β n = −n. From Eq. (S102) we also get α n = −2n. We find the odd-frequency pair amplitude with the form
Finally we consider QCR3. In this case, we cannot construct another effective action like Eq. (S103). The simplest way to determine the critical behavior of F odd edge (z) is to consider the power-counting of ∆ in the concrete expression of w bulk (z) in Eq. (S11). Taking ∆ → 0, one can easily see w bulk (z) ∼ ∆, meaning α n = 1 and then
Thus the numerical results are completely interpreted in terms of the generalized scaling theory.
II. NANOWIRE WITH RASHBA SPIN-ORBIT INTERACTION AND ZEEMAN FIELD
A. SBBC of nanowire
In this section, we numerically calculate F odd edge (z) and w bulk (z)/z for the system which is the one-dimensional s-wave superconductor with Rashba spin-orbit coupling and Zeeman field. The Kitaev chain does not have a spin degree of freedom but this model has it and is more complicated system. At first, we show zF odd edge (z), w bulk (z) and ε for the nanowire in Fig. S4 . When we calculate Tr j in F odd edge (z), we take 10 5 sites from the surface and when we calculate integral in w bulk (z), we also take 10 5 wave numbers. In Figs. S4(c) and (f) , ε becomes large where the value of F odd edge (z) and w odd (z) are approximately zero [see Figs. S4(a), (b), (d) and (e) ]. In Figs. S4(c) , at µ/t = 2, ε is very large because the order of zF odd edge (z) is 10 −11 and that of w bulk (z) is 10 −15 and they are almost zero.
B. Criticality of nanowire
The low energy effective action is given by Eq. (S94). Let δµ 1,3 and δV 1,2 be
We only show the results near the topological quantum transition points at µ = µ c1 , µ c3 . The critical behavior near µ c2 = V 2 ex − ∆ 2 and µ c4 = 4t+ V 2 ex − ∆ 2 are the same as that near µ c1 and µ c3 , respectively. We suppose |∆| t in the following discussion. 
(ii) |δV 1 | t. v, m and Λ in Eq. (S94) are given by
Note that the roles of the V ex and µ in the cases (i) and (ii) are exchanged. With these coefficients, the critical behaviors can be explained based on the scaling theory described in the previous section. 
(ii) |δV 2 | t. v, m and Λ in Eq. (S94) are given by
Numerical results
Then we discuss about χ. In Fig. S5(a) , W and χ are plotted as a function of µ/t for ∆/t = 0.9, V ex /t = 1 and λ/t = 0.5. As mentioned in the main text, χ diverges slower than the case with ∆/t = 0.01. In Fig. S5(b) , χ/t is plotted as a function of µ/t and there are four topological transition points µ c1 to µ c4 . We show |χ| near topological transition points in Fig. S5(c) . The power of divergence is |µ − µ c | −2 very close to the transition point for all topological transition points. As explained in the main text, the divergence far from transition points are δµ −1 or δµ −5/2 with δµ = µ − µ c . Next, we discuss about V ex dependence of χ. In Fig. S5(d) energy dispersion is plotted for V ex /t = 0.5 (non-topological), V ex /t = 2 (topological) and V ex /t = 3.5 (non-topological) with ∆/t = 0.01, µ/t = 1 and λ/t = 0.5. W and χ are plotted as a function of V ex in Fig. S5(e) . There are two topological transition points V c1 and V c2 . |χ| is plotted near the transition points shown in Fig. S5(f) . The power of divergence is also |V ex − V c | −2 very close to the transition point for both transition points. The divergence behavior changes if we look at far from transition point. The power of divergence is δV −1 or δV −5/2 with δV = V − V c .
In this section we calculate F odd edge (z) and w bulk (z)/z for d x 2 −y 2 -wave superconductor on a square lattice with the (11) surface.
The Hamiltonian with the periodic boundary condition is
where η 0 and σ 0 are identity matrices in sublattice space, and spin space, respectively. η µ , σ µ and τ µ (µ = 1, 2, 3) are Pauli matrices in sublattice, spin, and particle-hole space, respectively. The unit cell used in this Hamiltonian is shown in Fig. S6 (a) The chiral operator for the bulk (periodic) system is
The Hamiltonian with the (11) surface for the semiinfinite system is 
The chiral operator for the semi-infinite system is Γ =diag(. . . , σ 2 τ 1 , σ 2 τ 1 ).
In Fig. S6(b) , we show F odd edge (z) for ∆/t = 0.1 and µ/t = −1 and it is odd function of k y . When we calculate Tr j in F odd edge (z), we take 10 4 sites from the surface and when we calculate integral in w bulk (z), we also take 10 4 wave numbers. ε is plotted as functions of k y and ω n /∆ in Fig. S6(c) and is less than 10 −7 . At k y = 0, there is no value because F odd edge (z) and w bulk (z) are exactly zero. In Fig. S6(d) , we show W and χ as a function of k y and there are three topological transition points 0 and ±2 arccos(−µ/4t).
B. Criticality of d x 2 −y 2 -wave SC There are three topological transition points: k y = 0 and k y = ±k c with k c = 2 arccos(−µ/4t).
Criticality at ky = ±kc
The effective low energy action near k y = ±k c is given by Eq. (S94) with
with δk = k x − k c . The scaling behavior can be understood based on Eq. (S94) as in the previous sections.
Criticality at ky = 0
The effective low energy action near k y = 0 is given by
Then by using scale transformation, we get
(S148)
Here we use the fact that k y and ∆ are symmetric in the effective action. Then the generalized winding number can be expanded as
By using scale transformation, we obtain
Then the generalized winding number is obtained as
and χ behaves as
|χ| is shown in Figs. S6(e) near k y = 0 and (f) near k y = k c . In both cases, close to the quantum transition point, the power of the divergence is k −2 y and |k y − k c | −2 , respectively. Away from the transition point k y = k c , the power of divergence is ( 2 is plotted as a function of µ/t for ∆/t = 0.01, Vex/t = 1 and λ/t = 0.5 with µc1 = − √ V 2 ex − ∆ 2 , µc2 = √ V 2 ex − ∆ 2 , µc3 = 4t − √ V 2 ex − ∆ 2 , and µc4 = 4t + √ V 2 ex − ∆ 2 . (c) |χ|t 2 is plotted as a function of |µ − µc|/t close to µ = µc1, µ = µc2, µ = µc3, and µ = µc4. (d) Energy dispersion is plotted as a function of k with Vex = 0.5, Vex = 2 and Vex = 3.5 for ∆/t = 0.01, µ/t = 1 and λ/t = 0.5. Green shaded area and red shaded one is a topological regime with W = −1 for green and W = 1 for red, respectively. (e) W (left vertical axis) and χt 2 (right vertical axis) are plotted as a function of Vex/t for ∆/t = 0.01, µ/t = 1 and λ/t = 0.5 with Vc1 = µ 2 − ∆ 2 , Vc2 = (4t − µ) 2 − ∆ 2 . W and χ are even function of Vex.
(f) |χ|t 2 is plotted as a function of |Vex − Vc|/t close to Vex = Vc1 and Vex = Vc2. 
